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A summary of the thesis
Let (Xn, g) be a smooth Riemannian manifold of dimension n ≥ 3. It is well known
that the vanishing of the Weyl tensor Wg in dimension at least four is equivalent to the
conformal flatness of g, that is, for each point x in Xn, there exists a neighborhood U of
x and a smooth function f defined on U such that (U, e2fg) is flat. In dimension three,
the Weyl tensor vanishes identically, and hence the conformal flatness cannot be detected
by it. However, there is a conformally invariant (0, 3)-tensor corresponding to the Weyl
tensor. This tensor is called the Cotton tensor [12] of g, and it is defined as
C3(g) = Cijk := ∇iRjk −∇jRik −
1
2(n− 1) (∇iRggjk −∇jRggik) .
In dimension n = 3, the conformal flatness of g is equivalent to the vanishing of C3(g). Let
M = M(Xn) be the space of all smooth Riemannian metrics on a compact n-dimensional




|C3(g)|g dµg, g ∈ M(X3).
We call C the Cotton functional. This functional C is a conformal invariant, and the
conformal flatness of g is equivalent to the vanishing of C(g). Hence, we can regard C as
a quantitative measure of the lack of the conformal flatness of g.
In higher dimensions, by using the Weyl tensor Wg, we also define a conformally
invariant functional: W(g) :=
∫
Xn |Wg|
n/2 dµg. There are not a few studies for this
functional. For a compact manifold of dimension four, the gradient of the functional W
is the Bach tensor. It is known that a gap theorem of W(g) for Einstein manifolds with
positive scalar curvature ([42], [20]). It is also known that the infimum of W(g) of all
metrics g ∈ M(Xn) is a non-trivial diffeomorphism invariant, and its value is determined
for some manifolds ([22], [23]). On the other hand, there has been no systematic study
of the functional C. Since this functional is the most fundamental conformal invariant in
three dimension, it is natural to be investigated in analogy with the Ln/2-norm of the Weyl
tensor in n-dimension. We are also interested in properties of the space M = M(X3) of




where P = P(X) is the space of all smooth positive functions on X, D = D(X) is
the diffeomorphism group of X. Note that the equivalence relation for M is given as
g1 ∼ g2 ⇔ g1 = f · ϕ∗g2 for some f ∈ P and ϕ ∈ D. If we consider the identity
component D0 = D0(X) of D, the space T := (M/P)/D0 is a natural generalization of
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the Teichmüller space. In fact, for a closed oriented surface Σ of genus g, the Teichmüller
space Tg of Σ has the expression Tg = (M/P)/D0, where M = M(Σ), P = P(Σ), and
D0 = D0(Σ). From this standpoint, the space T is often called the generalized Teichmüler
space. A. Fischer and V. Moncrief [14] showedM and T are ILH-orbifolds if the dimension
of the isometry group for any metric g ∈ M is zero. Compared to the fact that much is
known about Teichmüler spaces, the understanding of the spaces M and T in the higher
dimension is scarce. Note that C defined functionals on M and T by their construction.
In this thesis, we study the following two issues.
1. The behavior of the Cotton functional C under the Ricci flow. We derive the evolu-
tion equation for C, and investigate its behavior for solutions g(t) of the Ricci flow
staring at locally homogeneous metrics on closed three-manifolds X.
2. Construction of a metric with constant scalar curvature and an arbitrarily large
Cotton functional C(g). More precisely, if the Yamabe invariant Y (X3) is positive,
for any constant r we construct a smooth metric on X3 with total volume one such
that its scalar curvature is r and its Cotton functional is arbitrary large. If Y (X3) is
non-positive, for any constant r < Y (X3) we construct such a metric. These exhibit
the non-compactness of M(X3).
The value of C(g) varies as a metric varies in M(X3). In particular, we consider
deformation of metrics by the Ricci flow. Let g(t), t ∈ [0, T ), be a one-parameter family




where Ricg = Rij is the Ricci tensor of g. This flow tends to make the metric more
homogeneous and isotropic. Since the Ricci flow does not in general preserve volume, it is
often useful to consider the normalized Ricci flow equation on X3 which preserves volume:
∂
∂t






X3 Rg dµg · Vol(X
3, g)−1 and Rg is the scalar curvature. Solutions of the
normalized Ricci flow differ from those of the Ricci flow only by reparametrizing in time
t and scaling the metric in space. If a solution of the normalized Ricci flow converges,
the limiting metric is a constant curvature metric. For example, a fundamental result by
R. Hamilton [16] states that if an initial metric on closed three-manifolds has positive Ricci
curvature, then the solution of the normalized Ricci flow exists for all time, and converges
to a constant sectional curvature metric. In general, a solution of the normalized Ricci
flow develops singularities in finite time in the sense that the curvature of the solution
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becomes unbounded as time approaches the maximal time. A canonical example of finite
time singularities is a neck pinch, in which a cross-sectional two-sphere S2 × {0} in a
cylindrical region S2 × (−1, 1) ⊂ X3 shrinks to a point. We look at these facts from
the viewpoint of variation of the functional C(g). If a solution converges as in the case
of Hamilton’s result, C(g) converges to zero. Even if a solution develops a finite time
singularity, it is expected that C(g) does not diverge.
In Chapter 3, we show the evolution equation of the functional C under the Ricci flow,
and also show that of the L2-norm of the Cotton tensor.
Main Theorem 1. Let g(t), t ∈ [0, T ), be a solution of the Ricci flow on a three-
dimensional closed smooth manifold X3. Suppose the norm |C3(g)|g of the Cotton tensor














(∆g|C3|2g − 2|∇C3|2g − 32⟨Ricg, C22⟩g + 6Rg|C3|2g
− 8⟨Ricg, divgD⟩g + 8⟨Ric2g, divgC3⟩g − 4⟨∇Rg, divgdivgC3⟩g)dµg,
where D(g) = Dijk := CijpgpqRqk, C2(g) = Cij is a symmetric 2-tensor which is an alge-
braically equivalent form of C3(g), C22(g) = (C
2






RipgpqRqj. Moreover, for an arbitrary solution g(t) of the Ricci flow on X3, we obtain the








(−2|∇C3|2g − 32⟨Ric, C22⟩g + 7R|C3|2g
− 8⟨Ric, divgD⟩g + 8⟨Ric2, divgC3⟩g − 4⟨∇R, divgdivgC3⟩g)dµg.
In particular, we investigate the behavior of C(g(t)) for solutions g(t) of the Ricci
flow starting at locally homogeneous metrics g0 on closed three-manifolds X. To state
the results, we need some preparation. Let X̃ and π be the universal cover of X and
its covering map, respectively. The pull-back metric π∗g0 on the universal cover X̃ is
homogeneous. Note that π∗g(t) is the solution of the Ricci flow, and it is homogeneous











that of C(g(t)). The homogeneous space (X̃, π∗g0) is one of the following ([32], [40]):
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(a) (H3,αgH3) (Hn denotes n-dimensional hyperbolic space), (S2 ×R,αgS2 + βgR) (Sn
denotes n-dimensional sphere), (H2 × R,αgH2 + βgR), where α, β are positive con-
stants.
(b) X̃ is SU(2), !SL(2,R), the Heisenberg group, "E(2), E(1, 1), or R3, and π∗g0 is a
left-invariant metric.
Here, the tilde denotes the universal covers, E(2) is the group of rigid motions of the
Euclidean plane, E(1, 1) is the group of rigid motions of the plane with the flat Lorentz







Note that SU(2) is diffeomorphic to S3, and the other Lie groups are diffeomorphic to
R3. In the case (b), for (X̃, π∗g0), there exists a particular orthogonal left-invariant frame
field {Fi}3i=1 (which is called the Milnor frame [32]) on X̃ such that [F2, F3] = 2λF1,
[F3, F1] = 2µF2, [F1, F2] = 2νF3, where λ, µ, ν ∈ {−1, 0, 1} and λ ≤ µ ≤ ν are satisfied,
and such that
π∗g0 = A(0)ω
1 ⊗ ω1 +B(0)ω2 ⊗ ω2 + C(0)ω3 ⊗ ω3,
where A(0), B(0), C(0) are positive constants and {ωi}3i=1 is the dual coframe field of
{Fi}. Note that the signature (λ, µ, ν) depends on only X̃. With respect to the Milnor
frame, not only π∗g0 but also Ric(π∗g0) are diagonalized. As π∗g0 and Ric(π∗g0) remain
diagonalized under the Ricci flow, it follows that one-parameter family π∗g(t) evolves as
π∗g(t) = A(t)ω1 ⊗ ω1 +B(t)ω2 ⊗ ω2 + C(t)ω3 ⊗ ω3
and that the Ricci flow equation becomes a system of three ODE’s [19] for some positive
function A(t), B(t), and C(t). J. Isenberg and M. Jackson [19] studied the behavior of
solutions g(t) on locally homogeneous manifolds by examining π∗g(t) on X̃. They showed
that each volume-normalized solution (i) converges to a constant curvature metric in the
case of H3, SU(2), "E(2), and R3, (ii) asymptotically approaches (as t → ∞) to a flat
degenerate geometry of either two or one dimensions in the case of H2 ×R, !SL(2,R), the
Heisenberg group, and E(1, 1), or (iii) reaches a curvature singularity in a finite time in
the case of S2 × R. The behavior of the functional C(g(t)) = C(D, π∗g(t)) is as follows:
Main Theorem 2. Let g(t) be a solution of the Ricci flow starting at a locally homoge-
neous metric g0 on a closed three-manifold. When its universal cover is SU(2) or !SL(2,R),
we suppose that the pull-back metric π∗g0 satisfies B(0) = C(0). Note that (SU(2), π∗g0)
with B(0) = C(0) is the Berger sphere, and (SU(2), π∗g0) with A(0) = B(0) = C(0) is
the standard sphere. Then, the results of the behavior of the Cotton functional C(g(t)) are
summarized in Table 1.1. The main conclusions are the following:
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1. In all cases, the Cotton functional converges to zero.
2. If the pull-back metric π∗g0 on SU(2) satisfies B(0) = C(0) and A(0)/B(0) < 1/2,
the Cotton functional has a unique local extremum at t0 with A(t0)/B(t0) = 1/2.
3. In other cases, the Cotton functional is strictly decreasing or identically zero.
Universal cover Behavior of the Cotton functional C(g(t))
H3 C(g) = 0
H2 × R C(g) = 0
S2 × R C(g) = 0
SU(2)(B(0) = C(0)) C(g) → 0 & it has a unique local extremum if A(0)/B(0) < 1/2
C(g) ↘ 0 if 1/2 ≤ A(0)/B(0) < 1 or 1 < A(0)/B(0)
C(g) = 0 if A(0) = B(0)
!SL(2,R)(B(0) = C(0)) C(g) ↘ 0
Heisenberg group C(g) ↘ 0
"E(2) C(g) ↘ 0 if A(0) ̸= B(0)
C(g) = 0 if A(0) = B(0)
E(1, 1) C(g) ↘ 0
R3 C(g) = 0
Table 1: The behavior of the Cotton functional C(g(t))
Remark 1. We can write down the formula of the Cotton functional of π∗g(t) ex-
plicitly. For example, for an arbitrary set Ω ⊆ SU(2) ∼= S3, the Cotton functional of














For non-homogeneous cases, we also investigate the behavior of C(g(t)) for the product
metric g(t) of the Rosenau solution of the Ricci flow on S2 (which is an ancient solution
on (−∞, 0) and shrinks to a round point as t → 0) and the standard metric on S1. The
functional C(g(t)) is strictly decreasing and converges to zero as t ↗ 0.
It is interesting that in these examples the Cotton functional C(g) of the solution
starting at the initial metric with non-positive scalar curvature is strictly decreasing. The
following are topics for further investigation:
• The monotonicity of the Cotton functional (or the lack of it) on general Riemannian
manifolds.
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• The characterization of the Riemannian manifold at the time when the Cotton
functional takes a local extremum.
In Chapter 4, we show the following theorem.
Main Theorem 3. Let X be a smooth closed manifold of dimension three. Let r ∈ R
and G > 0 be arbitrary constants. If [Y (X) ≤ 0 and r < Y (X) ] or Y (X) > 0, there





Vol(X, g) = 1,
C(g) > G.
Here, Y (X) is the Yamabe invariant of X.
This theorem exhibits the non-compactness of M(X3). Note that if Y (X) ≤ 0, for
any constant r > Y (X) there does not exist a metric g satisfies Rg = r because X admits
a positive scalar curvature metric if and only if the Yamabe invariant Y (X) is positive,
and any metric g with non-positive constant scalar curvature r and total volume one
satisfies r = Y (X, [g]), where Y (X, [g]) is the Yamabe constant of [g]. We clearly have
Y (X, [g]) ≤ Y (X). We also note that if we do not require the condition for the Cotton
functional, the existence of such a metric is known (see [30]). The following theorem is a
paraphrase of Main Theorem 3.
Main Theorem 3. Let X be a smooth closed manifold of dimension three. Let r ∈ R
and G > 0 be arbitrary constants.
(a) If [Y (X) ≤ 0 and r < Y (X) ] or [Y (X) > 0 and r ≤ 0 ], there exists a smooth
metric g on X such that {
Y (X, [g]) = r,
C(g) > G.
(b) If Y (X) > 0 and r > 0, there exists a smooth metric g on X such that
{
0 < Y (X, [g]) ≤ r,
C(g) > G.
In the proof of Main Theorem 3, we use a gluing result for constant scalar curvature
metrics shown by J. Corvino, M. Eichmair, and P. Miao [11]. They introduced the notion
of V -static metrics in [11]. Let Xn be a smooth closed manifold of dimension at least
three. The linearization Lg of the scalar curvature map R : M(Xn) → R at a smooth
metric g is
Lg(h) = −∆g(trgh) + divgdivgh− h · Ricg,
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where h is a smooth symmetric (0, 2)-tensor field on Xn. Its formal L2-adjoint is given
by
L∗g(f) = −(∆gf)g +∇2gf − fRic(g).
Our convention is that ∆gf = trg(∇2gf). The linearization DVg of the volume map







We consider the map Θ : M(Xn) → C∞(Xn) × R with Θ(g) = (R(g), V (g)), and we
denote its linearization DΘg(h) = (Lg(h), DVg(h)) by Sg. Its formal L2-adjoint is then






where a is constant. Let Ω ⊆ Xn be a smooth domain. We say that a smooth metric g
on Ω is V -static if the equation
S∗g (f, a) = 0 on Ω
admits a non-trivial solution (f, a) ∈ H1loc(Ω) × R. Corvino et al. proved that if g on Ω
is not V -static, one can achieve simultaneously a prescribed perturbation of the scalar
curvature that is compactly supported in Ω and a prescribed perturbation of the volume
by a compactly supported deformation of the metric in Ω. As an application of this result,
they proved the following theorem.
Theorem 1 (Theorem 1.6 in [11]). Fix n ≥ 3. Let (M1, g1) and (M2, g2) be two
smooth compact n-dimensional Riemannian manifolds such that Rg1 = σn = Rg2, where
σn ∈ {−n(n − 1), 0, n(n − 1)}. Assume that each (Mi, gi) contains a non-empty smooth
domain Ui ⊂ int(Mi) where each gi is not V -static. Then there exists a smooth metric g
on the connected sum M1#M2 ⊃ (M1 \ U1) 5 (M2 \ U2) such that Rg = σn, Vol(M, g) =
Vol(M1, g1) + Vol(M2, g2), and g = gi on Mi \ Ui, i = 1, 2.
We also use properties of the Berger metric {gλ : λ > 0} on S3 ∼= SU(2), which is
defined as
gλ := λω
1 ⊗ ω1 + ω2 ⊗ ω2 + ω3 ⊗ ω3.
Here {ωi}3i=1 is the dual coframe field of a Milnor frame {Fi}3i=1 on SU(2). The scalar
curvature of gλ is R(gλ) = 2(4 − λ), and gλ for λ ̸= 1 is not conformally flat. We can
write down the formula of the Cotton functional of gλ explicitly (see Remark 1). To prove
Main theorem 3, we show the following:




We give an outline of the proof of Main Theorem 3 in the case where Y (X) ≤ 0 and
r < Y (X). In the other cases, proofs are essentially the same. Using Theorem 1, for
sufficiently large number k ∈ N, we glue k copies of S3 with the rescaled Berger metric
−(R(gλ)/6)gλ for λ > 4 (which has the scalar curvature −6 and the positive Cotton
functional) to X with a suitable Riemannian metric at the same time (see Figure 1). As
a result, we obtain a metric hλ,k on X such that R(hλ,k) = −6 and C(hλ,k) > G for any λ
close to 4. We normalize its volume by rescaling: gλ,k := Vol(X, hλ,k)−2/3 · hλ,k. Then we
adjust λ so that R(gλ,k) = r preserving C(gλ,k) > G.
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